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ABSTRACT 
 
 
This thesis is a continuation and verification of the proposed method to analyze power system 
stability by utilizing phasor measurement units (PMUs). In the past decades, industrialization has 
expanded rapidly around the world, and the demand for stable and reliable power sources has 
increased. Therefore, maintaining stable operation of the power system is an imperative and 
urgent issue. Voltage stability has become one of the major causes of power system outages and 
insecurity. We consider the problem of deriving an explicit approximation of the power system 
state by its Thévenin equivalent circuit. Rather than using simulators to model a power system, 
developing a Thévenin equivalent circuit for power grid enables a more reliable way to estimate 
the health of the system.  As a continuation of the previously proposed conventional Thévenin 
method, a three-terminal Thévenin equivalent is used to model the power system. With the 
proposed Thévenin model, angle stability is presented as a change in the equivalent circuit. All 
methods are illustrated and applied in IEEE test cases and in real case studies conducted using 
Power World.  The proposed methods serve efficiently and effectively in analyzing power 
system stability. 
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Chapter 1 
INTRODUCTION 
 
 
 
Today, power systems are operating close to their stability limits due to environmental, 
economic, and other constraints. Therefore, providing a reliable, efficient, and stable power 
system structure is one of the most urgent issues facing power engineers and researchers around 
the world. At any point in time, a power system needs to operate in a stabilized condition, 
meeting various operational criteria [1]. Power system stability has been recognized as an 
important problem for secure system operation since the 1920s [2]. The importance of power 
system stability has been demonstrated by multiple blackouts such as the Northeast blackout of 
1965, 1969 and 2003; the 1977 South Florida blackout; the 1978 Thailand country-wide 
blackout; and the most recent major blackout on Mindanao Island in the Philippines in 2014, 
which caused outages of more than 6 hours and millions of customer minutes of interruption 
(CMI). As urbanization, automation, and industrialization rapidly progress, especially in the 
developing countries such as China, India, and Brazil, the power system is experiencing an 
increased load and high stress. As a direct result, different forms of system instability have 
emerged.  The system stability is the ability of an electrical power system, for given initial 
operating conditions, to regain a state of operating equilibrium after being subjected to a physical 
disturbance, with most system variables bounded so that practically the entire system remains 
intact [3].  
There are four main criteria of power system stability: voltage stability, frequency 
stability, inter-area oscillations and angle stability. In this thesis, we focus mostly on angle 
stability as well as voltage stability. Angle stability is the principal limitation of long 
transmission lines. It has been well noted that the complete system, not just the line alone, has to 
be taken into account in order to assess angle stability [4]. Typically, voltage stability refers to 
the ability of a power system to maintain steady voltages at all buses in the system after being 
subjected to a disturbance of its initial operating condition [1]. Both angle and voltage stability 
analysis will require the study of steady state power flow and system dynamic analysis. 
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Throughout this thesis, we assume that the system is initially operating at a steady state condition 
even though real power systems are always subject to small fluctuations. 
In the next few decades, utilities will tend to regulate and monitor power system activities 
via advanced metering infrastructures (AMI) and the smart grid. The method described in this 
thesis is quite straightforward and does not require extensive training. Based on local 
measurements provided by phasor measurement units (PMUs), the method proposed in this 
thesis produces an estimation of the loadability of the transmission system.  This process has 
been particularly facilitated by the recent rapid development of the wide area measurement 
system (WAMS), in which the measurement devices, called PMUs, can provide synchronized, 
high-sampling rate, real-time measurements [5]. The measurement based method proposed in 
this thesis will be applied to the study of line angle stability margin analysis motivated by the 
power transfer capability (known as “St. Clair curves”). Instead of obtaining the equivalent 
parameters from the short-circuit method introduced in [6], the equivalent parameters are 
estimated based on two consecutive sets of measurements. The proposed method benefits from 
the fact that synchrophasor measurements of currents and voltages are required only at the two 
terminals of the transmission line under consideration. Then, the system stability margin can be 
determined by the smallest line stability margin [7]. Once the shunt element is taken into 
consideration, a two terminal Thévenin equivalent (TE) model is no longer viable. Therefore, a 
three terminal TE model is also addressed in this thesis.  TE circuits commonly consist of two 
terminals and a load element to ease the calculation of current flow into the element.  In such 
cases, the current going into the element equals to the current leaving the element. Tee and Pi 
models of transmission lines are examples of three-terminal devices that have a third terminal 
connected to ground. Therefore, a three-terminal Thévenin model is needed. Instead of 
decomposing the three-terminal device into its core elements, this thesis proposes a systematic 
approach to applying a three-terminal TE circuit to three terminal elements that is less 
cumbersome [8].  
This thesis is organized as follows. Chapter 1 gives a brief overview of the current power 
system infrastructure issues and challenges.  In Chapter 2, we will introduce an overview of 
system stability analysis. A systemwide angle and voltage stability investigation is carried out in 
Chapter 2 based on the TE model. In Chapter 3, we introduce the conventional two-terminal TE 
model and the three-terminal TE model in which a shunt element is taken into consideration.  In 
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Chapter 4, we will present IEEE test cases. Finally, concluding remarks and future work will be 
presented in Chapter 5.  
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Chapter 2 
BACKGROUND 
 
 
 
2.1 Power System Stability 
 
In this chapter, we will introduce an overview of system stability analysis in terms of frequency 
stability, voltage stability, and angle stability. We will also evaluate the conventional two-
terminal TE power system model along with an alternative three-terminal TE approach. Figure 
2.1 shows a tree diagram of power system stability according to the three criteria introduced in 
Chapter 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.1 Power system stability breakdown structure [9]. 
 
2.1.1 Frequency Stability 
 
Typically for a power system, frequency stability is defined as the system’s ability to withstand a 
disturbance between generation and load, and to maintain a steady system operating frequency. 
For example, a system frequency disturbance can be caused by a demand/generation imbalance 
resulting from a contingency (loss of generation or load) that manifests itself as a variation in the 
system frequency [10]. In general, frequency stability assessment, as a long-term dynamic study, 
requires composite modeling of generation, transmission, and load [11]. Frequency instability 
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may lead to sustained frequency swings leading to tripping of generating units or loads. During 
frequency excursions, the characteristic times of the processes and devices that are activated will 
range from a fraction of a second like under frequency control, to several minutes, corresponding 
to the response of devices such as the prime mover; hence, frequency stability may be a short-
term or a long-term phenomenon [9]. In theory, the frequency stability is a systemwide 
phenomenon and depends on the overall system response and the availability of power reserves. 
 
2.1.2 Voltage Stability 
 
Voltage stability refers to the capability of a power system to stay at a steady voltage at every 
bus after the introduction of a disturbance. Voltage stability has become a fundamental issue in 
the new, liberalized markets due to the fact that the new power systems are ever more 
approaching their stability limits [12]. Voltage stability depends on the ability to maintain/restore 
equilibrium between load demand and load supply from the power system. Instability may be 
caused by a surge, a voltage fall or rise at some buses. A possible outcome of voltage instability 
is the loss of load in an area or tripping of transmission lines and other elements by their 
protections, leading to cascading outages that in turn may lead to loss of synchrony among some 
generators [13]. In short, voltage stability is load stability; it is demonstrated in a radial feed from 
a large system to load. A regulating mechanism is introduced to restore power to meet demand 
and restore voltage to a reasonable level. However, load restoration may further stress the system 
and lead to voltage instability, since voltage stability is load stability. 
 
2.1.3 Angle Stability 
 
Since voltage stability is directly or indirectly linked to the steady state angle stability problem 
[14], angle stability is another critical measurement to access power system stability. Power 
system angle stability refers to the ability of a synchronous machine of an interconnected power 
system to remain in synchrony after a disturbance [3]. Angle stability is the principal limitation 
of long lines; it has been well noted that the complete system, not just the line alone, has to be 
taken into account to assess angle stability [15]. To our understanding, power transferred 
between 2 buses via a transmission line has the following characteristics: 
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                                        (2.1) 
and 
 
          
        
 
                                                                  (2.2) 
 
where       are the bus voltages at each end of the transmission line, and X is the impedance of 
the transmission line.      is the angle difference between the bus voltages. It is not difficult to 
tell that the maximum power transfer is reached when the angle between two buses reaches    . 
This power transfer limit is called the steady-state stability limit. We applied the same concept to 
our study as shown in figure 2.2, the one line diagram of a power system. 
 
 
Figure 2.2 π-model of a power system.  
 
The transmission line in figure 2.2 connecting Bus 1b and 2b was modeled as a  -model 
circuit. The shunt element of the line and resistance are ignored for simplicity so that        as 
shown in figure 2.2 when transmission line resistance Rl is neglected.  There is an internal 
voltage source       and an equivalent impedance   , where    is set to be     and i=1, 2. In this 
case, power transferred through the system can be expressed as: 
 
    
                 
        
                                                      (2.3) 
 
where       is the angle difference across the system (AAS). It is easy to see that the real 
power delivered increases as the AAS increases from 0 to    . By treating Bus 1a in figure 2.2 as 
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a slack bus (  =  
 ), and neglecting Bus 1b and 2b at the end of the transmission line, the power 
system flow becomes 
 
    
              
        
                                                      (2.4) 
 
By taking the derivative of equation (2.4) with respect to   , we obtain a scalar Jacobian matrix 
[7] 
 
  
              
        
                                                      (2.5) 
 
When   =   
 , the scalar Jacobian matrix equals 0. As a result, the system stability level 
can be assessed based on the transmission lines’ AASs. The largest AAS is defined as the critical 
AAS, also called the system AAS. The system AAS is a great indication of system stability. 
When the system AAS becomes close to    , the power system nears its stability limit [7]. 
Figure 2.3 shows the power transferred in the system, where the maximum power is reached 
when the AAS is    .  
 
Figure 2.3 Real power delivered by a lossless line verses voltage angle across the line [15]. 
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In practice, to maintain system transient stability and keep the ability to handle 
contingencies, the transmission line cannot be operated at its loadability limit. Typically, the 
maximum AAS is set to     in real application. 
 
2.2 Introduction to Phasor Measurement Unit (PMU) 
 
A phasor measurement unit is a device that monitors electric waves in an interconnected grid 
system by making the use of synchronized time signals. We can track the representation of 
phasors back to the 1890s with the invention of the PMU in 1988 at Virginia Tech, and the first 
PMU device was built in 1992. The synchronized time signal allows real-time measurements of 
multiple points on the grid. PMUs enable the wide-area visualization of a power system in real 
time by capturing high-speed time-stamped snapshots in the form of voltage and current phasors, 
frequency, and rate of change of frequency (ROCOF) at the rate of 30/60/12 F/s [16]. Rapid 
advancements pertaining to measurements and computational technologies have paved the way 
for deployment of global positioning system (GPS) based synchronized PMUs for power grids 
sprawling over large geographical areas [17]. Now, PMUs are regarded as one of the most 
powerful measuring devices and are taking the leading role in system real-time measurements 
and monitoring. 
 
2.2.1 Phasor Networks 
 
A phasor network is a collection of PMUs positioned throughout the grid to gather information 
about the system.  Figure 2.4 shows a diagram of a PMU. 
 
 
Figure 2.4 PMU layout diagram [18]. 
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The anti-aliasing filter receives analog input signals from the voltage and current 
transformers and limits the bandwidth of the input signal. Then post-aliasing signals are sent to a 
16-bit analog-to-digital converter. The GPS receiver provides the one pulse per second (PPS) 
signal and a time tag [19]. The phasor oscillator divides the signal sent from the GPS receiver 
into multiple segments for further sampling. The microprocessor receives signals both from the 
GPS and the analog-to-digital converter, and outputs are sent to receivers at a rate up to 60 
samples per second. 
 
2.2.2 Phasor Representation 
 
As indicated in figure 2.4, PMU converts the AC signal into its phasor representation. Both 
voltage and current can be represented as a phasor shown in figure 2.5 with the following 
expression: 
  
  
  
             
  
  
                                                (2.6) 
 
 
Figure 2.5 Phasor representation of a V-I relationship. 
 
By employing discrete Fourier transform (DFT) over one period with a collection of data 
from many samples, the phasor representation in equation (2.6) becomes 
 
  
  
 
    
   
                                                                (2.7) 
 
where N is the number of samples taken.  
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Chapter 3 
THEVENIN EQUIVALENT PARAMETER 
ESTIMATION 
 
 
 
3.1 Introduction to Thévenin Equivalent (TE) 
 
Thévenin’s theorem provides a method to reduce part of a complex circuit into a simple one. 
Thévenin’s theorem states that any linear two-terminal networks can be replaced by its 
equivalent circuit consisting of an independent voltage source connected in series with a resistor. 
In our application, we instead apply Thévenin’s theorem to an AC circuit; therefore, the 
equivalent resistance becomes a complex entity. Figure 3.1 shows the power system TE model.  
 
 
Figure 3.1 Power system TE model. 
 
To estimate the equivalent parameters, we assume a constant magnitude of the internal 
voltage motivated by the work on developing an analytical basis for line loadability [13] and 
classical machine model analysis [20]. PMUs are set up at each bus to monitor and record the 
voltage and current phasor. Theoretically, a TE circuit can be constructed between two 
connected buses. In this thesis, we assume the TE parameters stay constant despite the varying 
system load and generation. However, TE parameters are subjected to change at a system level. 
In this chapter, we will present two methods to approach the parameters of the equivalent circuits 
by modeling the system with a conventional two-terminal TE model in section 3.2.1 and a more 
refined approach by considering the system as a three-terminal Thévenin model in section 3.2.2. 
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3.2 TE Model Derivation 
 
3.2.1 Two-terminal Thévenin Impedance Derivation  
 
We used PowerWorld software for all the power flow simulation, in which we considered a one- 
line power system π-equivalent model illustrated in figure 2.2 as a model of the transmission line 
of our interest. At each end of the transmission line of interest, voltage phasor, real and reactive 
power flows were monitored. At each end of the transmission line Kirchhoff’s voltage law gives 
 
                   , where i=1, 2                                            (3.1) 
 
Each complex equation can be written as a scalar. There were three unknowns:       , 
and   . Note that there were more unknown variables than the number of equations. To solve this 
problem, two sets of equations were used to generate enough known values to solve the system 
of equations. A small disturbance was introduced in the system by increasing load and 
generation for the overall system after time    to create another steady state power flow. Two 
PMUs have been installed on each side of the transmission line to measure the voltage phasor 
and current phasor. As a result, two sets of data were obtained: 
 
                                                                         (3.2) 
and 
                                                                         (3.3) 
 
These sets were obtained by taking the measurements at time    and   . We acquired the current 
phasor using equation (3.1). The equivalent impedance    and internal voltage magnitudes were 
assumed to stay constant; only the internal voltage angles vary with the generation and load 
change. By applying Kirchhoff’s voltage law at two different time points on both sides of the bus 
of interest, we obtained the following set of equations: 
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                                                                             (3.4) 
 
and 
 
                                                                         (3.5) 
 
In this regard, there were two complex equations on each side, which yielded four scalar 
equations with four unknowns (  ,                          ). In this case, we further assumed 
that the TE impedances and the magnitude of internal voltage were unchanged, and that only the 
internal voltage angle varies with the generation and load increase. Therefore, we obtained the 
Thévenin parameters by solving the system of equations. Further simplifying the equations, we 
obtained the following quadratic equation: 
 
       
                                                            (3.6) 
where 
 
         
        
                                                     (3.7) 
 
 
                                                                       (3.8) 
 
 
         
        
                                                   (3.9) 
 
Then 
    
          
  
                                                     (3.10) 
 
Solving the system of equations yielded two sets of    , and all other parameters can be readily 
found by substituting     back into equation (3.6). But which root was the true TE remains 
unknown, justifying inspection of the angle difference between buses of interest. Equation (3.11) 
yielded two values as Thévenin impedance, and they were critical in calculating the Thévenin 
voltage values. The impedance value selection will be discussed in the following sections. 
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The AASs were obtained once we obtained the equivalent impedance. Given N TE 
models constructed in between any two connected buses in a system, we were able to obtain 2N 
pairs of AASs, and the largest AAS was regarded as the critical AAS; therefore, it became an 
indication of the system stability. Ideally, the critical AASs approach      once the system 
stability limit is reached and the system can no longer function at a steady state level.  
 
3.2.2 Three-terminal Thévenin Equivalent Model 
 
Traditionally, there were only two terminals within a TE circuit that were suitable for calculating 
the current flow into an element connected between both terminals. In the conventional case, the 
current flowing into an element equals the current flowing out. 
  Many topologies had a third terminal connected to the ground; the π-equivalent model of 
a transmission line was an example of such a case. Consider the same π-equivalent model 
illustrated in figure 2.2 where we modeled the TE circuit as a two-terminal device and did not 
take into account of the current flow through the shunt capacitor in section 3.1. 
The use of an equivalent circuit using the TE concept was often applied to single port 
circuits, but the extension to multiport is straightforward as described in the classic circuit text 
[21, 22]. A new derivation was developed in this section where the current flow through the 
shunt element is taken into consideration. 
Now, we consider the line susceptance (   , as shown in figure 2.2. In this case, the 
equivalent circuit on each side along with the line susceptance could be equivalent to a new TE 
circuit. By considering the concept introduced by [8], with the shunt element connected to 
ground and forming a three-terminal topology, we obtained the following expression for the 
voltage at bus 1 and bus 2: 
 
        
 
                                                                 (3.11) 
and 
        
 
                                                                (3.12) 
 
where     and     were obtained from the bus impedance matrix corresponding to bus 1 and bus 
2 respectively.     represents the current injected at bus i and n is the total number of buses. 
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 In equation (3.11) and (3.12) we considered the summation as the Thévenin voltage; 
therefore, we express equation (3.11) and (3.12) in the following format: 
 
                                                                       (3.13) 
and  
 
                                                                       (3.14) 
 
 
By expressing equation (3.13) and (3.14) in matrix form, we obtain the following matrix: 
 
  
       
       
    
    
   
   
      
      
   
    
   
                                    (3.15) 
 
The impedance matrix in equation (3.15) can be obtained from the system provider. 
 
3.3 PowerWorld Simulation and Data Acquisition  
 
We used the PowerWorld simulation tool to obtain the voltage and current phasor at each bus of 
interest.  For example, figure 3.2 shows a sample PowerWorld layout where the real-time voltage 
magnitude and angle at the buses of interest (bus 7 and bus 8) are displayed. 
 
 
Figure 3.2 PowerWorld sample layout. 
 
In order to obtain the current phasor, a simple computation involving complex power and 
voltage is:  
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                                                                     (3.16) 
 
                                                                 (3.17) 
and 
   
  
  
 
 
  
    
   
                                                  (3.18) 
 
We were able to obtain the complex power flow between the buses of interest from the 
Bus Power Flow chart embedded in the software shown in table 3.1 
 
Table 3.1 Complex power flow between buses 
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Chapter 4 
POWER SYSTEM STABILITY ASSESSMENT 
 
 
 
4.1 IEEE-14 Bus Case Study 
 
In this chapter, we will take PMU measurements by inspecting the line-to-line voltage phasor, 
three-phase real and reactive power. The current phasor will be obtained by equation (3.18). 
Since a real interconnected power system is subjected to change at any time, some adjustments 
are made to satisfy such requirements. The load and generation are incrementally changed by 1% 
of the base case at each iteration until the system is no longer at a steady state level and the 
power flow equations can no longer be solved to satisfy such system change.  In this chapter, we 
will perform the case studies to verify the proposed measurement based method. 
 
4.1.1 Two-Terminal TE IEEE-14 Bus Test Case 
 
Figure 4.1 shows the system we were working with, in which we had 14 buses in total with 20 
transmission lines.  
 
Figure 4.1 IEEE 14 bus base case. 
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Figures 4.2-4.5 indicate the variations in bus voltage magnitude, angle, and real and 
reactive power at bus 2 in the simulation when we exert a small variation on the system by 
increasing the load and generation at each time step.  
 
 
Figure 4.2 Bus 2 voltage magnitude vs. percentage of base case. 
 
 
Figure 4.3 Bus 2 voltage angle vs. percentage of base case. 
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Figure 4.4 Real power vs. percentage of base case. 
 
 
Figure 4.5 Reactive power vs. percentage of base case. 
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Once the voltage phase, real and reactive power were obtained, we were able to calculate 
the current phasor using equation (3.18) since the software did not produce a real-time current 
angle. The angle difference is shown in figure 4.6 as an example measured in between Bus 2 and 
Bus 5 where the TE model was created. 
 
 
Figure 4.6 Angle difference between Bus 2 and Bus 5 vs. percentage of base case. 
 
The IEEE-14 bus model consists of 5 generators, 11 loads, and 20 transmission lines. 
Based on the proposed two-terminal TE method, 20 TE models were constructed. Bus voltage 
phasor, current phasor, power flow and the angle differences were closely monitored. Table 4.1 
shows an example of monitored values obtained at the last iteration before system failure. 
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Table 4.1 Monitored data values at last iteration 
From Bus To Bus MW (p.u.) MVR (p.u.) Voltage Magnitude 
(p.u.) 
Voltage Angle 
(deg) 
1 2 2.122 7.153 1.06 0 
1 5 0.772 1.878 1.06 0 
2 3 -0.127 0.07 0.62037 1.19 
2 4 0.955 1.184 0.62037 1.19 
2 5 1.338 3.164 0.62037 1.19 
3 4 0.724 0.836 0.11105 -110.06 
4 5 -0.702 -0.219 0.25019 -38.53 
4 7 0.236 0.468 0.25019 -38.53 
4 9 0.099 0.103 0.25019 -38.53 
5 6 0 -0.142 0.34157 -20.36 
6 11 0.099 0.18 0.16812 -95.07 
6 12 0.041 0.096 0.16812 -95.07 
6 13 0.019 0.011 0.16812 -95.07 
7 8 0.029 0.033 0.1893 -63.78 
7 9 -0.006 -0.009 0.1893 -63.78 
9 10 0.035 0.027 0.10249 -97.84 
9 14 0.068 0.063 0.10249 -97.84 
10 11 0.002 0.003 0.08868 -105.95 
12 13 0.008 0.008 0.10755 -113.02 
13 14 0.016 0.012 0.09659 -111.94 
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All the detailed system parameters and base case parameters can be found in [23].  In this 
case study, we increased the generation and load at each bus by 1% of the base case to simulate a 
small variation of the system until the power flow equation could no longer be solved, which was 
177% of the base case for this power system. With all the data, we applied the proposed method 
to estimate the equivalent parameters and to carry out further investigations.  
Before we carried out an investigation, the following assumptions were made: There are 
no constraints added onto the magnitude or angle of the internal voltage so that the four 
equivalent parameters can be obtained as a combination of linear equations given that there are 
no constraints added on to the equivalent resistance or reactance as well. In the base condition, 
the internal voltage magnitude was set to be 1.0 p.u. and it stayed constant throughout the 
investigation. However, the internal voltage angle was subjected to change with the system 
variations. Once we obtained the voltage and current phasor at any two consecutive points, we 
were able to compute the AAS. 
The authors in [7] assumed the changes in current and voltage were in opposite 
directions, which ensured a positive and real number as the solution to equation (3.10) at each 
iteration of increment. However, the equivalent impedance obtained by solving the quadratic 
equation did not show such an effect. For example, let time t1 denote the time at 115% of the 
base case and time t2 denote the time at 116% of the base case, where time t1 and t2 were two 
consecutive points before the power flow equation of the system became unsolvable. Table 4.2 
lists the data collected by the PMUs at time t1 and t2 
Table 4.2 Bus 9 and Bus 7 data before system collapse  
Time  t1 t2 
Bus9 V-mag (p.u.) .107 .105 
Bus9 V-ang (deg) -100 -100.1 
Bus7 V-mag (p.u.) 0.191 .189 
Bus7 V-ang (deg) -65.35 -65.22 
MW (p.u.) .105 .103 
MVR (p.u.) .178 .176 
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We obtained current phasor with equation (3.18) and by solving the quadratic equation 
(3.10) we obtained the following roots listed in table 4.3 
 
Table 4.3 Complex roots obtained by solving quadratic equation 
A B C Xth1 Xth2 
.00675 -.0016 .000357 .119+.197j .119-.197j 
 
The quadratic equation yielded two complex roots as the equivalent impedance instead of 
a positive and a negative real number. Therefore, the result is inconsistent with the conclusion 
obtained by [8]. By selecting the root with a positive imaginary part as the Thévenin impedance, 
we were able to get the TE voltage. The angle difference between every pair of interconnected 
buses was computed. Figure 4.7 shows the angle difference as we increase the load and 
generation at each iteration. 
 
 
Figure 4.7 Two-terminal TE angle difference vs. percentage of base case. 
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The angle differences between Bus 1 and Bus 2, and between Bus 9 and Bus 10, were 
86.4
o 
and 89.4
o
 respectively. There were at least two indications that the angle difference 
between two interconnected buses approaches 90
o
 once the system nears a system blackout. 
However, this was not always the case; the author of [8] claims that there was at least one angle 
difference between any pair of connected buses approaching 90
o
 given that equation (3.10) yields 
two real roots and the Thévenin impedance was a positive real number. However, figure 4.6 
indicates that there were several cases where the angle difference ranged above or below ±90
o
, 
where the complex Thévenin impedance added uncertainty to the angle difference. Table 4.4 
shows the angle difference at all buses when the system collapses.  
 
Table 4.4 Angle difference between interconnected buses at 177% of base case 
 
 
4.1.2 Three-Terminal TE IEEE-14 Bus 
 
Now, we take the line susceptance (    into account as shown in figure 2.2 to access the impact 
of line susceptance on the system.  We were no longer able to obtain the maximum power 
transfer as expressed in equation (2.4) due to the addition of line susceptance. The author of [7] 
proposed an effective calculation of the power transfer in such a case: 
 
      
 
        
                                              (4.1) 
 
where P is the real power following on the line. 
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According to equation (3.15), the impedance matrix Z was needed to carry out the 
calculation. We obtained the impedance matrix Z from its corresponding admittance matrix Y 
provided by the software. The relation of Z and Y was obtained as follows: 
 
                                                                    (4.1) 
 
                                                           (4.2) 
 
where I  is a vector with the form 
 
                  
                                           (4.3) 
V is a vector with the form 
 
                  
                                         (4.4) 
 
 
                                                         (4.5)  
 
                                                        (4.6) 
 
                                                         (4.7) 
Then we can conclude 
                                                         (4.8) 
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Figure 4.8 Three-terminal TE angle difference vs. percentage of base case. 
 
We will examine the three-terminal TE model in the following example using the 
aforementioned IEEE-14 Bus test case. Refer to Appendix A for the IEEE-14 bus impedance 
matrix.  
We assumed that the same parameters held, except for the line susceptance. Following 
the same procedure for the two-terminal TE model, we increased generation and load by 1%, 
then applied the proposed method. Thévenin voltages between any two interconnected buses 
were monitored at each iteration. Figure 4.8 shows the angle difference across every two 
interconnected buses as we increased the load and generation.   
By applying the proposed method, the ending values of the angle difference were close to 
those in the two-terminal TE method shown in Appendix B, implying that the line susceptance 
does not affect the line loadability much.   
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4.2 IEEE-118 Bus Case Study 
 
4.2.1 Two-Terminal TE IEEE-118 Bus Test Case 
 
The IEEE-118 bus test case consists of 19 generators, 177 lines and 91 loads; it represents a 
simple approximation of the power system in the midwestern U.S. In this case study, we imposed 
the same method discussed in section 4.1.1.  The generation and load at each bus were increased 
by 1% of the base case to simulate a small variation of the system until the power flow equation 
could no longer be solved, which was 204% of the base case for this power system. Then we 
applied the proposed method to estimate the equivalent parameters. Once again, the quadratic 
equation produced complex roots as Thévenin impedance; therefore, we selected the positive 
complex root again. Figure 4.9 shows the 50 lines with the largest angle difference. There were 
multiple indications that the angle difference between two interconnected buses approaches 90
o
 
once the system nears a system blackout. However, there were still angle differences greater than 
90
o
. Once again, the complex impedance added complexity to the angle difference. Appendix C 
shows a list of the top 30 angle differences between any two interconnected buses. 
 
Figure 4.9 Two-terminal TE angle difference vs. percentage of base case. 
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4.2.2 Three-Terminal TE IEEE-118 Bus Test Case 
 
Once more, we take the line susceptance into account to assess the impact of line susceptance on 
the system.  We followed the method discussed in section 4.1.2. Figure 4.10 shows the top 30 
angle differences. 
 
 
Figure 4.10 Three-terminal TE angle difference vs. percentage of base case. 
 
By applying the proposed method, the ending values of the angle difference were close to 
those in the 2-terminal TE method in section 4.2.1, once again implying that the line susceptance 
does not affect the line loadability much. 
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Chapter 5  
CONCLUSION AND FUTURE WORK  
 
 
 
This thesis proposes a method to measure the power system angle stability by utilizing PMU 
measurements. The analysis is motivated by the system equivalencing idea. For each 
transmission line, the rest of the system observed from each end of the bus of interest is modeled 
as two TE circuits. We use PMUs to obtain the necessary data for the estimation of the TE 
parameters due to PMUs’ high resolution and synchronizing measure ability. In this thesis, we 
get PMU measurements by utilizing PowerWorld software; one of the two complex roots is 
selected as opposed to the previous works’ selection of a real number root. The impact of line 
susceptance has been analyzed using a three-terminal TE equivalent model. We illustrate the 
application of this method to IEEE-14 and IEEE-118 bus systems. The main conclusions of this 
thesis are as follows: 
 
 The two-terminal TE model is constructed to simplify the power system. The three-
terminal model takes line susceptance into consideration. 
 Methods proposed in this thesis are purely measurement based. PMUs are utilized to 
monitor the system data so that accuracy is guaranteed. 
 The roots yielded by the quadratic equation are not always real numbers. TE impedances 
can be complex numbers.  
 According to the results from the three-terminal TE model, the transmission line 
susceptance does not affect the system stability much.  
 
Future work may consist of the following:  
 
 It has been proven that the angle stability assessment by the TE method applies to a 
system with one line connection between any two buses. As a next step, we can extend 
this assessment method to a more general case such as the effect of parallel lines, as well 
as assess the impact of line resistance. 
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 As a data accuracy measure, a more in-depth study of PMU data quality can be 
performed. The impact of corrupted data, noise from data collection as well as data 
sampling rate on the power system stability are worth studying in more depth. 
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Appendix A 
IEEE-14 BUS IMPEDANCE MATRIX 
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Appendix B 
LAST ITERATION ANGLE DIFFERENCE 
Table B.1 Last iteration angle difference 
Bus # Angle Difference (degree) 
Bus 1-2 86.41592479 
Bus 1-5 -26.92162964 
Bus 2-3 -10.97354421 
Bus 2-4 135 
Bus 2-5 112.8002322 
Bus 3-4 14.16068138 
Bus 4-5 -146.5673116 
Bus 4-7 103.9183406 
Bus 4-9 138.0214439 
Bus 5-6 -15.76844057 
Bus 6-11 117.9604825 
Bus 6-12 106.4988901 
Bus 6-13 103.9250338 
Bus 7-8 47.85014626 
Bus 7-9 -0.9100823 
Bus 9-10 89.36874566 
Bus 9-14 144.4528171 
Bus 10-11 14.70766477 
Bus 12-13 78.25056167 
Bus 13-14 33.99269997 
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Appendix C 
TOP 30 ANGLE DIFFERENCE 
 
Table C.1 Top 30 angle difference 
Top 30 Angle Difference(degree) 
1 281.7558751 
2 144.4528171 
3 112.8002322 
4 106.4988901 
5 103.9250338 
6 89.36874566 
7 86.41592479 
8 78.25056167 
9 54.49196671 
10 52.91580943 
11 51.33965216 
12 49.76349488 
13 48.18733761 
14 47.85014626 
15 46.61118034 
16 45.03502306 
17 43.45886579 
18 41.88270852 
19 40.30655124 
20 33.99269997 
21 14.70766477 
22 14.16068138 
23 -0.9100823 
24 -10.97354421 
25 -15.76844057 
26 -26.92162964 
27 -103.9183406 
28 -138.0214439 
29 -164.5673116 
30 -177.9604825 
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